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Abstract

The connectivity of cancellous bone attracts increasing atten-
tion, as it has been hypothesized that a primary reason for
decreasing strength and stiffness in osteoporosis is caused
by a loss of trabecular elements and consequently a loss in
connectivity.

The Euler characteristic has in a few previous articles
been used to express cancellous bone connectivity, but there
are severe problems in using the Euler characteristic unerit-
ically. The Euler characteristic of a three-dimensional struc-
ture is a topological invariant, which reports the number of
particles of a structure plus the number of enclosed cavities
minus the connectivity. As such, one must know the number
of components and the number of enclosed cavities in order
to use the Euler characteristic as an expression of conmectiv-
ity. Another difficulty of using the Euler characteristic is that
due to edpe effects the Euler characteristic of an excised
specimen provides a biased estimate of the Euler character-
istic of the region from which the specimen was taken.

In this article the intuitive concept of connectivity is given
a precise mathematical definition, and a basic topological
method for quantifying the connectivity of cancellous bone is
presented. The method uses the Euler characteristic, but the
above-mentioned problems are controlled. The development
of the method and the practical implementation is based on a
set of topological notes. It must be stressed that the method
is free from assumptions concerning trabecular architecture,
and that the method is unbiased. This is in contrast to pre-
viously presented methods.

The unbiased and model-free method is used on a series of
3-D reconstructions of cancellous bone specimens, and it is
demonstrated that the connectivity of cancellous bone is not
simply related to volume fraction (density), and that biased
and model-based 2-D methods aimed at determining connec-
tivity do not have any general relationship to connectivity in
cancellous bone.

Key Words: Cancellous bone—Trabecular bone—Con-
nectivity—Topelogy-—Bone structure—Histomorphometry.

Introduction

Cancellous bone is a continuous 3-D network of bars and plates,
and in addition to varying densities it possesses varying orien-
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tations and degrees of orientation. This was noted in the earliest
reports on the architecture of cancellous bone (Meyer 1867;
Wolff 1870; Koch 1917), and has been carried on to the biome-
chanical community. Density (Carter & Hayes 1977; Rice et al.
1988) and anisotropy (Harrigan & Mann 1984; Hodgskinson &
Currey 1990; Odgaard et al. 1990b; Snyder & Hayes 1990) are
curtently being examined using quantitative methods and are
being used as independent variables in empirical relations be-
tween mechanical behavior of cancellous bone and its structural
characteristics.

In contrast to these measures, the connectivity of cancellous
bene has not attracted the same attention, which is surprising,
because connectivity is a fundamental property of networks.
When studied, connectivity has, with very few exceptions, only
been described in qualitative terms (Mosekilde 1988, 1990}, or
has been expressed as parameters in simple, model-based and
2-D approaches to cancellous bone structure (Parfitt et al. 1983).
The lack of assumption-free quantitative information cannot be
explained by a consensus on how connectivity influences me-
chanical properties, but rather by theoretical and practical diffi-
culties in quantifying conmectivity. There is, however, a growing
interest in the connectivity of camcellous bone, as indications
have been presented that connectivity may be the parameter
mostly affected by osteoporotic changes (Kleerekoper et al.
1983: Parfitt 1987; Mosekilde 1990).

In this article connectivity is given a precise definition, which
is based on a review of the relevant topological theory. The
principles behind a method for unbiased estimation of connec-
tivity in a region will be described, and the method will be
demonstrated on sample specimens. The examples are based vn
3-D reconstructions, and it is stated that connectivity cannot be
determined from 2-D information alone. In the discussion maost
of the previously reported methods for obtaining connectivity
information will be presented.

Preparatory Topological Notes

The metric and directional properties of a three-dimensional
structure, like cancellous bone, will vary with deformations of
the structure. One may for instance alter the volume fraction and
the surface area of a phase (bone or marrow) by inflating the
phase, and the anisotropy of a phase will be changed by stretch-
ing the structure. But if 2 new connection between two parts of
the structure is not made, if a branch between two parts is not
cut, and if no isolated part of the structure is removed, then the
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number of parts and the number of connections in the structure
will remain constant. Bending, stretching, and other rubber-like
deformations are typical examples of such transformations. The
properties, which do not change under any of these transforma-
tions, are called tapological properties. A topological invariant
is a parameter which expresses a topological property. Two
structures are topologically equivalent if they have the same
topological properties {i.e., one structure can be deformed into
the other one by rubber-like deformation}.

For 3-D structures, the three classical topological properties
are 1) the number of components of the reference phase, 2) the
connectivity, and 3) the number of components of the comple-
mentary phase(s) fully enclosed inside the referencc phase.
These are the only topological properties which will be consid-
ercd in this article.

The following is not meant as a comprehensive introduction
to topology but should draw attention to topological notions
which are of importance to an examination of connectivity in
cancellous bone. For a self-contained introduction, see for in-
stance Barrett and Yust (1970), DeHoff (1968), and Hadwiger
(1957, 1959). Standard textbooks in topology provide formal
definitions and theorems.

Connectivity

Given a network consisting of nodes and branches (points con-
nected by lines), the network is said to be simply connected if
only one path from any node to any other node exists (Fig. 1a).
Such a network is known in topology as a tree and has by def-
inition a connectivity of zero. If an additional branch is added
between two nodes, some nodes are now connected by more than
a single path, and the structure is said to be multiply connected
(Fig. 1b). If a branch in a tree is broken, the structure will fall
apart, but in a multiply connected structure some branches may
be cut without separating the structure into isolated parts. Con-
nectivity is defined as a measure of the degree to which a struc-
ture is multiply connected, and hence, for a network, reports the
maximal number of branches that can be broken before the struc-
ture is separated into two parts. If a bone is viewed as a node-
and-branch network, the connectivity of the bone may thus be

a)

b)

P

Fig. 1. a) Simply connected node-and-branch network (tree). Only one
path exists between any two nodes (e.g., from P 1o Q). b) Multiply
connecied network, made from a) by the addition of a single branch.
Now, two paths exists (e.g.. from node P to node Q).
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said to be the number of trabeculae minus one. This defines a
trabecula in a topological sense.

One may easily construct a 3-I node-and-branch network of
a cancellous bone structure. The process may be imagined by
removing most of the trabecular bone tissuc and just letting each
trabecula be represented by a line. The location of the line within
the individual trabecula is of no importance.

When looking at a cancellous bone specimen, it may not be
obvious how a trabecula should be defined, but the example
shown in Fig. 2 should clarify this and give an understanding of
‘‘the number of trabeculae.”” Connectivity does not, and should
not, make any distinction between “‘thick’” and “‘thin’" trabec-
ulae or hetween ‘‘plates’™ and *‘rods,”’ and connectivity is, as
such, a measure of the degree to which a structure is multiply
connected, no matter the shape of the connections.

Even though the above definition of connectivity seems sim-
ple. determinations of connectivity will for all practical purposes
be based on the Euler characteristic, because it is relatively
simple to determine and because it has a known relation to
connectivity.

The Euler characteristic

The following introduction to the Euler characteristic will be
based on an approach by Hadwiger (1957, 1959), and it will be
directed at naturally occurring three-dimensional bodies.

A three-dimensional convex body will be defined as a closed
set of points which on any 2-D or 1-D section through the body
will appear as a single closed set. The definition of a 2-D convex
body is analogous. The empty set &7 is by definition a convex
body.

Once the convex body has been defined, a binary function e
can be defined for a convex body P of any dimension as

_[1l. P
«={g, u#r_o W

It can be shown that any naturally occurring 3-D body X may be
decomposed into convex bodies. Let a particular decomposition

a} b)

i anmn. N

c) d)
..

Fig. 2. These figurcs show a schematic view of cancellous bone. In a}
a single trabecula has been created, in b) an extra trabecuta has been
added, in ¢) three trabeculae exist, and in d) four trabeculae have been
created. But by looking at d), it is not obvious that only four trabeculae
cxist, because if one counts the number of segments different numbers
may be reached, depending on how a segment is defined. The only way
to count the number of trabeculae correctly is to reverse the creation of
the small universe (i.e., by cutting trabeculac). This can be done three
times before the structure is broken into two disconnected parts; by
referring to the text, the number of trabeculae ther is 3 + I = 4, and
indeed, four trabeculae were made in the first place.
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of the body X be denoted by (X,P), then the Euler characteristic
of the decomposition, x(X,P), may be defined as

X(X,P) = Zle(P,} — Zl%(Py N Poy)
+23€(Pvlan2mPv3)---- (2)

where TV denotes a summation over all N-permutations of the
convex bodies £, . . . P,. It may be shown that the Euler char-
acteristic x(X,P) is independent of the particular decomposition
into convex bodies, and the notion x{X) will hence in the fol-
lowing be used for the Euler charactenstic of the body X.

Many of the convex body intersections found on the right-
hand side of equation 2 will equal the empty set &, and will
hence contribute by 0 to the Euler characteristic (cf. definition
1). If these elements are removed, a simpler version of equation
2 may be expressed as

XX)=Z(-Un=n-m+tn—n..., 3

where n; is the number of convex bodies of dimension i in the
decomposition of X into convex bodies.

Equation 3 is particularly suited for 3-D digital images, but
counting A, - . Ag, of course, depends on the neighborhood re-
lations chosen (Rosenfeld 1970; Kovalevsky 1989; Qdgaard
1993). If each voxel is considered to have 26 neighbors (Rosen-
feld 1970, n, may be seen as the number of voxels, n, as the
number of voxel faces, r, as the number of voxel edges, and n,
as the number of voxel comers. One should only count a face,
edge, or corner once, as illustrated in Fig. 3. It should be noted
that the application of a simple 26-neighborhood rule to both
bone and marrow phases leads to a violation of the Alexander
duality theorem, equations 6 and 7 (Kovalevsky 1989; Odgaard
1993).

The Euler characteristic of the union of two sets A and B 15
given by

XA U B) = x(A) + x(B) — x(A N B) 4

(i.e., the sum of the Euler characteristics of the two sets minus
the Euler characteristic of the intersection of the sets). This is
known as the addition theorem and has important implications
for the estimation of the Euler characteristic of a structure, when
only part of the structure is at hand. When the structure in Fig.
4 is divided into four parts, the sum of the Euler characteristics
for each of the four parts differ from the Euler characteristic of
the entire structure. In consequence, the Euler characteristic of
the intersection of two sets (cf. equation 4) must be taken into
consideration. Otherwise the Euler characteristic of the union
will be overestimated or underestimated depending on the topol-
ogy of the intersection.

The Euler charactenistic is a topological invariant, which can
casily be calculated. From the above definition, it is not obvious
that the Euler characteristic is of major importance to the study
of connectivity, but for individual solid bodies, the Euter char-
acteristic has a simple relation to connectivity, For any solid
body which can be deformed into a solid sphere, the Euler char-
acteristic is 1, for any body which can be deformed into a solid
torus, the Euler characteristic is 0, and generally

xvy=1-n &)

for a solid sphere with n handles, Any solid body can be de-
formed into a solid sphere with n handles. The Euler character-
istic, however, does not tell everything of interest for a three-
dimensional body, as the Euler characteristic in addition to con-
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Fig. 3. Examples of determination of the Euler characteristic for an
arbitrary examination volume of a 3 X 3 % 3 cube of voxels, iliustrating
the usc of hoth equation 3 and equation 14 (see relevant text). Voxel
surfaces intersecting the artificial 2-D surface of the examination volume
are shaded, voxel edges intersecting the artificial 1-D edge of the exam-
ination volume are marked with bold lines, and voxe! comers intersecting
the artificial 0-I) comers of the examination volume are emphasized. In
the tables, i denotes the dimensional intersection aspect of the examina-
tion volume, and by counting the voxel elements which lie in the inter-
section one reaches y, for any i by use of equation 3. The contribution Ay
of the examination volume to the Euler characteristic of the universe
from which the examination volume was cut is given by cquation 14, The
situation in b) emphasizes that any intersection between structure and
examination volume should be included, even if the intersection is a face,
an edge, or a corner only.
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nectivity also depends on the number of abjects and the number
of cavities in the object(s).

Betti numbers

Betti numbers provide a more detailed numerical description of
topological properties than does the Euler characteristic. Using a
geometrical interpretation, the zeroth Betti number, 3, reports
the number of separate particles of the structure. The first Betti
number, B,, reports the number of handles if the structure is
deformed rubber-like into a sphere with handles (i.e., B, reports
the connectivity, cf. the definition given above). The second
Betti number, (3, reports the number of cavities enclosed within
the structure. For 3-D structures the Betti numbers with a rank
higher than 2 will all be zero.
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Fig. 4. Simplified 2-D structure separated into quadranis. The Euler
characteristic of the entire structure is — 3. The Euler characteristics of
the quadrants are 3, 1, 1, and 1 for Al, A2, B1, and B2, respectively.
The sum of the Euler characteristics of the quadrants does evidentiy not
equal - 3, The Euler characteristics of the intersections of quadrants are
2,2,3,3, and 1 for Al N A2, Bl N B2, A1 N B!, A2 N B2 and Al
M AZ N Bl N B2, respectively. By using the addition theorem the Euler
characteristic of the entire structure may be calculated correctly as (3 +
I1+1+1)—-(2+2+3+3+1

The Alexander duality theorem states that for the two phases
4 and 3 in a two-phase structure.

Boly) = 1 4 B (6)

and
By = B(®). {7

The equations of the theorem follow intuitively [rom the geo-
metric interpretation of Betti numbers given above, in that an
inclusion of a cavity in the &-phase will increase the number of
disconnected y-particles by one, and that for each handle in the
~-phase there will be a handle in the §-phase.

The Euler—Poincaré formula states that for a 3-D structure X,

x(X) = By — By + B (3)

which should be seen in conjunction with equation 3. This is a
surprisingly nice relation considering the definition of the Euler
characteristic given above. For 3-D structures with B, = O, the
Euler characteristic is the difference between the number of par-
ticles and the connectivity. It follows from equation 8 that the
Euler characteristic of a solid sphere (without internal cavities)
with four handles is B, - B, + B, =1 — 4+ 0= -3, and
that the Euler characteristic of, for instance, a sphere with seven
handles and three intetnal cavities is B, — B, + P, =1 -7+
3 = —3. In consequence, general 3-D structures with the same
Euler characteristic are not necessarily topologically equivalent!

A property of the Euler characteristic apparent from equation
8§ should be emphasized. If, and only if, a solitary reference
phase structure is present (B = 1), and if no cavities of the
complementary phase exists (B, = 0), then ¥ is simply related to
the connectivity (3,) by x = | — B,. In other words, a multiply
connected solid structurc consisting of only one particle—for
instance, a cancellous bone specimen—must have a negative
Euler characteristic.

Cancellous Bone Connectivity

Topological assumptions regarding cancellous bone structure

From numerous observations and qualitative studies of cancel-
lous bone (see for instance, Whitehouse 1971; Singh 1978;
Mosekilde 1988, 1990) a consensus has grown that cancellous
bone is a multiply connected structure, and that both the marrow
and the bone phase are fully connected. It is thus assumed that no
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picce of trabecular bone is completely isolated from the main
structure, and that no marrow space exists fully isolated, com-
pletely encapsulated by bone. It seems that this assumption is
valid not only for an excised specimen of cancellous bone, but
also for cntire bones of the skeleton, as multiple channels exist
which allow vessels 10 enter the bones. In topolegical terms, the
assumptions mean that B, = 1 (only one connected part of
bone), and that 8, = 0 (no marrow cavities enclosed within
bone), and equation 8 may thus be reformulated as

By =1 - x 9

There are obvious exceptions to the topological assumption.
During bone formation and bone healing isolated islands of bone
may exist, but these and related exceptions will not be consid-
ered further. The main reason for neglecting these exceptions is
that fully isolated bony strands do only contribute very little, if
at all, to the mechanical competence of a cancellous bone region.
Although no formal demonstration of the assumptions expressed
in equation 9 has been published., these assumptions will be used
throughout this paper.

Noise in 3-D reconstructions

Throughout this article, it is assumed that a three-dimensional
reconstruction of a cancellous bone specimen or even an entire
bone is available in voxel representation (Srihari 1981). Three-
dimensional images (3-D reconstructions) can be obtained by
two principally different approaches. The serial sectioning tech-
nique constitutes the classical method for obtaining 3-D images
of 3-D structures {(Gaunt & Gaunt 1978). In conventional form,
the serial sectioning technique is prohibitively time-consuming,
but in a highly time efficient and fully automated version this
techrique allows routine 3-D reconstructions (Odgaard et al.
1990a, 1993). An algorithm for converting 2-D projections di-
rectly into a 3-I) array has been described by Feldkamp ec al.
(1984), and this idea has elegantly been implemented in the 3-D
micro-CT-scanner (Feldkamp et al. 1989), which constitutes the
alternative approach.

In order to obtain 4 bingry 3-D ammay describing the 3-D
structure of cancellous bone, a segmentation technique must be
employed on the original grey-level image data (Kuhn et al.
1990; Odgaard et al. 1990a, 1993), and as in any segmentation
technique, there is a risk of erroneously marking voxels as bone,
even though the voxels should belong to the marrow phase, and
vice versa. The threshold techniques used for cancellous bone
specimens (Kuhn et al. 1990; Odgaard et al. 1990a, 1993) also
have this potential noise preblem. Because of the very high
number of voxels in 3-D) reconstructions, if only & small fraction
of voxels is given a wrong phase membership due to noise, this
will inadvertently result in a very high number of voxels given a
wrong phase membership, and possibly a violation of the as-
sumptions of B, = 1 and 8, = 0, and hence of equation 9. In
other words, noise may result in apparent bone particles isclated
from the main structure and in apparent marrow cavities sur-
rounded by bone.

Voxels which have been assigned an erroneous membership
due to noise should, when possible, be assigned the correct
membership hefore determining topological properties. Cotrect-
ing (binary) digital images for noise and wrong membership
assignments ts generally a nontrivial problem, but in the present
context two sets of voxels may be converted from one phase to
the complementary phase with only few considerations. Isolated
bone voxels or groups of bone voxels lying sequestered in the
marrow phase should be converted to marrow voxels, and iso-
lated marrow voxels or groups of marrow voxels lying fully
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surrounded by bone voxels should be converted to bone voxels.
The justifications for this purification are the topological as-
sumptions on the cancellous architecture mentioned above. The
effect of performing a purification on a binary 3-D representation
of a cancellous bone specimen is illustrated in Fig. 5.

Edge problems

If an entire structure with natural borders 15 available for deter-
mination of connectivity (Nyengaard et al. 1988), no theoretical
problem exists in determining the Betti numbers for the struc-
ture. One may, for instance, unbiasedly determine the total con-
nectivity of the calcaneus. If only a part of the structure is avail-
able, a serious edge problem occurs at the artificial edge which

Fig. 5. Top. Three-dimensional reconstruction of cancellous bone spec-
imen (side length 6.5 mm) based on raw data. Bottom. The same spec-
imen as in the top figure after conversion of bone particles (noise) not
connected to main structure and of marrow particles (noise) not con-
nected 0 main Mmarrow Space.
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prevents using the connectivity of the specimen as an estimate of
the connectivity in the parent region. As such, the connectivity
of the isolated specimen, considering it to be the topological
space of concern, will only be of limited interest.

Dehoff et al. (1972) have suggested calculating upper and
lower bounds of the connectivity, assuming that all or none,
respectively, of the trabeculae reaching the edge of the specimen
form loops with other parts of the structure outside the exami-
nation volume. The correct value of connectivity in the structure
from which a specimen has been cut will be located somewhere
between the calculated bounds. Depending on the structure, on
the location of the examination area, and on the size of the
examination arca, the relative difference between the upper and
lower bound may be too large to make any use of a calculated
connectivity value. By choosing a sufficiently large examination
volume, the edge problem may be arbitrarily reduced. This
method for estimating the connectivity of 3-D structures has been
used in a few studies (MacDonald et al. 1986; Scott et al. 1988).
The suggestion of calculating upper and lower bounds, however,
fails to acknowledge the importance of the addition theorem
(equation 4).

Given the two-dimensional structure shown in Fig. 4, and a
subdivision of the plane into the squares Al, A2, Bl, and B2,
the following equation may easily be deducted by repeated use of
(4):

x(T) = x(Al) + x(AZ} + x(B1) + x(B2)
— [x(A1 N A2) + x(B1 N B2)
+ x(A1 N Bl) + x(A2 N B2)] + x(P), (10)

where T = Al UA2UBIUB2andP = AINA2NBIN
B2. Generalization of the example leads to the following situa-
tions for 2-D and 3-D struciures,

For any tessellation of rectangular fields in a 2-D image, the
Euler characteristic of a structure T in the entire image may be
calculated by

x(N = Zx(F) — Zx(E) + Zx(P), an
where F is a two-dimensional face, £ is a one-dimensional edge,
and P is a zero-dimensional corner. The sum is taken over all
faces, all edges bounding two faces, and all corners bounding
four faces.

For any tessellation of parailepipeds in a 3-D image, the Euler
characteristic of a structure T in the entire image may also be
deduced by using (4):

XD = 2x(V) — 2x(F) + Zx(E) — Ex(P),  (12)
where V is a 3-dimensional volume.

Considering a cubic specimen to be an element of a tessella-
tion of a 3-D space, then the Euler characteristic of the entire 3-D
space will not be obtained by simply adding the Euler charac-
teristics of cubic specimens. By doing this, the contribution of
the lower dimensional elements (i.e., F, E, and P in equation 12)
will not be considered. To calculate the contribution of a cubic
specimen to the Euler characteristic of the entire struciure, one
must consider the Euler characteristic of the lower dimensional
clements, and this may be done in one of sgveral ways. The
following are two examples:

1. The contribution of the lower dimensional elements are
shared equally by the cubes bounded by the elements:

-] 12 8
1 I 1
AXZX(V)*EEX(F)+ZEX(E)—§2X(P),
1

i 1

(13)
where Ay is the contribution of the cubic specimen to the
Euler characteristic of the entire structure, A face bounds two
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cubic specimens, an edge bounds four specimens, and a cor-
ner bounds eight specimens; this explains the denominators.
If the six faces of the cube are considered to be one surface,
and if the 12 edges arc considered to be one continuous
graph, then equation 13 may easily be rearranged by use of

A. Odgaard and H. J. G. Gundersen: Cancelious bone connectivity

. Each lower dimensional element is considered to belong to a

particular cubic specimen (Bhanu Prasad et al. 1989), Several
assignment rules (Kovalevsky 1989) may be used, but the
rute should assign the contribution of three faces, three edges,
and one corner to each cubic specimen:

the addition theorem (equation 4): 3 1
Lo Ax =x(V) — 2x(F) + 2xE) = x(P). (19
AX =007 53X T X T g Xos (14) ! |

Whatever method is used, a Euler characteristic of the cubic

specimen is obtained which allows cormrect estimates of the con-
nectivity density, in contrast to an estimate based on x(V) alone.
The equations 13-15 have been derived under the assumption
that all surfaces, all edges, and all comers of the examinaticn

where x; = x(V), X2 = x(USF). x, = x(UVEL xo —
Z3%(P). This modification of equation 13 may have compu-
tational advantages (Odgaard & Gundersen 1991), and is il-
lustrated in Fig. 3.

Fig. 6. Three-dimensional reconstruction of entire human verebral body split into eights (lower right). One part has been removed for exposure of
the internal structure. Three sections are shown: sagittal (A, upper left}, coronal (B, upper right}, and horizontal (C, lower left). The cortical shell of
the upper left corner of C bounds the spinal canal. and the lower left corner shows the location where the pedicles were separated from the vertebral
body.
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Table 1. The influence of examination volume on mean connectivity

density
Examination - .
volume Mean connectivity density

n (mm?) Correct (mm™) Wrong (mm ™ %)
1 36,325.08 0.63 0.63
2 18,162.54 0.63 0.62
4 9,081.27 0.63 0.62
8 4,540.64 0.63 0.61
15 2,270.32 .63 Q.60
32 1,135.16 0.63 0.58
64 567.58 0.63 0.56
128 283.79 0.63 0.54
256 141.89 0.64 0.52

Correctly calculated {using equation 14) an unbiased value is obtained.
By not considering lower dimensional elements in equation 14 the cal-
culated connectivity density depends strongly, but unpredictably, on the
examination velume.

volume are artificial. If this is not the case, the summations and
unions in the comrective terms should be over the artificiai ele-
ments only,

A number of different methods have been presented for de-
termination of the Euler characteristic of 2-D and 3-D images
(see for instance, Gray 1971; Lobregt ct al. 1980; Srihari 1981,
Serra 1982; Lee & Rosenfeld 1987; Odgaard 1993), and any of
these methods may be used.

In addition to the methods just mentioned for determining the
contributions to the Euler characteristic of 3-D reconstructed
specimens, it is possible to estimate the connectivity of speci-
mens from projections through relatively thin (from 10 (0 40 pm)
section pairs (disectors). This method is described by Nyengaard
and Marcussen {1993) for sections without artificial edges and by
Gundersen et al. (1993) for sections with artificial edges.

Examples

A human thoracic vertebral body was 3-D reconstructed using
automated serial sectioning (Odgaard et al. 1993). A graphical
representation of the specimen after purification is shown in Fig.
6. The purification assures that there is only one connected bone
phase and only one connected marrow phase. The Euler charac-
teristic (using equation 14) was calculated for the entire 3-D
reconstruction and for individual parts of the 3-D reconstruction
after splitting it into n parts (n = 2, 4, 8, 16, 32, 64, 128, and
256). In each case the connectivity was calculated using equation
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Fig. 7. Number of trabecular profiles per area in random 2-D sections
through 36 specimens versus the connectivity density (number of trabec-
ulae per volume) of the specimens,
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Fig. 8. The histomorphometric quantity ‘‘trabecular number,”’ Tbh.N,
on random sections through the same specimens as in Fig. 7 versus the
connectivity density (trabeculae per volume).

9, and the connectivity density was calculated as the connectivity
divided by the examination volume. For each examination vol-
ume the mean connectivity density was calculated, and these
values are shown in Table L. It should be noted that the correctly
calculated mean connectivity density does not change with ex-
amination volume, and that the connectivity density calculated
without consideration of lower dimensional elements is a biased
estimate.

To compare a simple 2-D counting of profiles with the 3-D
connectivity, 36 cubic cancellous bone specimens (side length
6.5 mm) from one human proximal tibia were 3-D reconstructed.
The Euler characteristic of each specitnen was calculated using
equation 14, and connectivity calculated using equation 9. Di-
viding the connectivity by the specimen volume, one obtains the
connectivity density (mm ~*). Random sections were produced
from the specimens, and a simple profile counting was per-
formed. The result is seen in Fig, 7, where also the result of
performing a linear regression analysis on the relation is shown.
Finally, the histomorphometric parameter *‘trabecular number,”’
Tb.N, was calculated from the random sections through the spec-
imens and also related to the connectivity density (Fig. 8). The
relation between connectivity density and volume fraction for the
36 specimens is given in Fig. 9.

Note that none of the relationships in Figs. 7 through 9 are
very close relationships {r =< 0.85), none of them are simple
proportional relationships (no regression line includes the ori-
gin), and finally, they are all specific for the particular specimens

Connectivity density (mm )

o | 1 | | { J
.00 405 a1 Q.15 0.20 0325 a.30

Volume fraction

Fig. 9. Connectivity density (trabeculae per volume) versus volume
fraction for 36 cancellous bone specimens. The two specimens marked
with arrows are shown in Fig. 0.
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with their particular size from the particular bone examined. In
other words, the relationships cannot be generalized.

Discussion

Qualitative studies of cancellous bone connectivity (Whitehouse
1971; Singh 1978; Mosckilde 1988, 1990) may result in modi-
fied or new views of functional anatomy and of disease pra-
cesses, and may certainly guide intensified research in these
fields. The qualitative methods are, however, inferior to quan-
titative methods when it comes to hypothesis testing and to ex-
pressing the relation betwecn conncctivity and other parameters.
The presented method for quantifying connectivity is an unbi-
ased and basic method which is free of geometric assumptions,
and differs as such from methods previously used in cancellous
bone research.
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The first attempt at quantifying cancellous bone connectivity
{Pugh et al. 1974) made use of contiguity ratio, which had been
developed for studying particle contacts in multiphase aggregates
(Gurland 1968). Using this method on cancellous bone, which
hardly is a multiphase aggregate but is instead a continuous
two-phase structure, is not straightforward, and requires awk-
ward definitions of interparticle contacts.

In several papers, connectivity has been expressed as the
number of “‘trabeculac’’ visible in a section through cancelious
bone. This number bas been determined as the number of sep-
arate profiles (Hodgskinson & Currey 1990), or individual tra-
beculae have been counted distinctively in the profiles (Aaron et
al. 1987). With the latter of these approaches there evidently is
a problem of defining a trabecula, but for both methods, it is
obvious that even when using a correct counting technigue (Gun-

Fig. 10. Graphical presentstion of the extremata marked A and B in Fig. 9. A is shown in ¢ {lewer left) and d (lower right), whereas B is shown in

a (upper left) and b {(upper right).
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dersen 1977) the count depends upon the orientation of the sec-
tion and the curvedness of the trabeculae in addition to the de-
pendency upen the number of trabeculae. The same objections
are valid for other counts of special features on 2-D sections
(Préteux et al. 1985; Garrahan et al. 1986; Harrigan et al. 1989).
This should indicate that the number of profiles, “*trabeculae,”
or trabecular features in a section has an unknown and extremely
debatable relation to the connectivity, which is also illustrated by
the poor relation shown in Fig. 7. Admittedly, it may be possible
within a certain anatomical region and using a standardized tech-
nigue to obtain results which show some empirical relationship
to connectivity, but the count of profiles should not be consid-
ered to be in any way simply related to the connectivity or the
number of trabeculae. To get information on the connectivity of
a three-dimensional structure, three-dimensional information
must be at hand (Giger 1970; DeHoff 1983). One special con-
sequence of considering the 3-D connectivity of cancellous bone
to be the number of trabecular profiles found in a 2-D section is
that the cancellous bone connectivity may be found to differ
significantly from the marrow connectivity, which cbviously is
an absurd result {cf. equation 7). It has been reported that the
number of profiles in a section of cancellous bone is related to
the density (Hodgkinson & Currey 1990), but for reasons just
mentioned, this has no known relation to the dependency of
connectivity upon density.

In conventional histomorphometry a method is claimed for
quantification of trabecular architecture, The method is based on
only two primary measures (i.e., area fraction of bone and bone
perimeter length), assessed in 2-D sections. From these two mea-
sures a number of parameters are calculated (Parfitt et al. 1983).
The parameters include ‘‘trabecular thickness’’ (Tb.Th), “‘tra-
becular number’” (Tb.N), and *“*trabecular separation’” (Tb.Sp).
It is evident that these in principle independent parameters can-
not be derived from two simple 2-D measures without assuming
a geometric model, which usvally is the plate model. Even
though the trabecular number (Th,N) semantically is very close
to the definition of connectivity as the number of trabeculae
minus one, the histomorphometric measures do not have any
known relation to connectivity. There are two reasons for this.
First, as already mentioned, connectivity cannot be measured on
individual 2-D sections. Second, the hisiomorphometric mea-
sures are based on the assumption that cancellous bone consists
of a set of parallel bony plates, which may be true for some
trabecular bone architectures (Figs. 10a,b), whereas the model is
close to a misconception for other architectures (Figs. 10c¢,d)
(Singh 1978). Optional modifications of the model, perhaps bet-
ter to fit expcrimental data (Birkenhédger-Frenkel et al. 1983)
provide no selutions to this problem. For the sample of speci-
mens used in this article, an apparently nice relation was found
for Th.N versus connectivity density (Fig. 8). However, in a
recent study (Gundersen et al. 1993) of architectural trabecular
changes in an animal model of osteoporosis, a twofald increase
in connectivity was found with no change, or even a decrease, in
Tb.N. This stresses the fact that no general relationship exists
between Th.N and connectivity, and any use of a relationship
shown for one sample of specimens cannot be used on another
sample of specimens.

It cannot be stressed too strongly that there is no theoretically
conceivable way of estimating 3-D connectivity of cancellous
bone or of any other 3-D structure from single 2-D sections. If no
theoreticaily correct method existed, one evidently had to use
whatever method was around, if the problems under study were
crucial for the understanding of some phenomena. But the risk
of using methads which have no theoretical foundation, and the
risk of reaching erroneous conclusions, should evidently not be
ignored.
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Table II. The topological invariants of the specimen shown in Fig. §

Noenpurified Purified
Euler characteristic X -219.75 —650.5
Bone particles Bo 460 24
Connectivity B, 707.75 674.5
Marrow cavities B 28 0

The Euler characteristic (using equation 14) and the number of bone
particles and of marrow cavities were determined experimentally,
whereas the connectivity was calculated using equation 8.

The connectivity in different tissues has been examined using
topological notions, but in several of these articles the edge
problem has been ignored (Takahashi 1978; Shimizu et al.
1988). In a pioneering series of papers. the Euler characteristic
of cancellous bone has been reported (Feldkamp et al. 1988,
1989; Goldstein et al. 1990) based on the 3-D micro-CT tech-
nique. However, in these articles the important topics of the edge
problem and the segmentation problem have not been discussed
in detail. The segmentation problem is most likely to result in an
increase in the zeroth and second Betti numbers and a much
smaller increase in the first Betti number, which together may
result in a positive Euler characteristic. Neglecting the edge
problem may also result in a positive Euler characteristic. In an
examination of connectivity versus apparent density, it was
found that the variables are linearly related (Goldstein et al.
1990). However, in the presented set of data (Fig. 3 in Goldstein
et al. 1990) specimens appear that have positive Euler charac-
teristics, which certainly does not fit with the set of assumptions
on the topological properties of cancetlous bone, and the reason
for this may be the problems just mentioned. The specimen
shown in Fig. 5 demonstrates the effect of segmentation on the
topological invariants (Table II). It should be noted that the
number of bone particles B, in the purified specimen is greater
than one. The reason for this is that the purification is performed
for the entire specimen, whereas the determination of topological
invariants is performed in a slightly smaller volume which allows
parts of trabeculae in the specimen to enter the examination
volume without being connected to other trabeculae in the ex-
amination volume. Neglect of the segmentation problem resulfs
for the specimen in Fig. § in an underestimation of the connec-
tivity by about 66%. This percentage is, however, not general,
and no a priori estimation of the error for a given specimen is
possible.

In our material we found a poor relationship between con-
nectivity and density (Fig. 9). To further elucidate the postulated
relationship, reconstractions of the two extremata marked in Fig.
9 are presented in Fig. 10. One of the specimens has a relatively
low density and a relatively high connectivity (Figs. 10c,d),
whereas the other specimen has a relatively high density and a
relatively low comnectivity (Figs. 10a,b). From the graphical
reconstructions, it is clear that the basic organization of the two
specimens differ. One specimen has a typical platelike structure
(Figs. 10a,b) where cach plate contributes a lot to density, but
relatively little to connectivity, and the other is a typical rod-like
structure (Figs. 10¢,d) where each trabecula contributes little to
the density. This seriously questions the postulated linear rela-
tionship between connpectivity and density, and suggests that
connectivity should be considered an independent parameter in
the description of cancellous bone structure.

Acknowiedgments: This work was kindly supported by the Danish Rheu-
matism Association (Gigtforeningen, grant no. 233-588), the Danish



182

Research Council (SSVF, grant no. 12-0242), and Procter & (Gambie
Pharmaceuticals.

References

Aaron, §. E.: Makins, N. B.; Sagreiya, K. The microanatomy of trabecular bone
loss in normal aging men and women. Clin. Orthop. 215:260-271; 1987,
Barrett, L. K.; Yust, C. 5. Some fundamental ideas in topology and their appli-

cation to problems in metallography. Merallegraphy 3:1-33; 1970

Bhanu Prasad, P.; Laméjoul, ©.; Jermat, 1. P Chermant, §. L. Unbiased csti-
mation of the Euler-Poincare characteristic. Acta. Sterenl. 8:101-106; 1989,

Birkenhager-Frenkel, D. H.: Courpron, P.; Hipscher. E. A.: Clermonts, E;
Coutinhe, M. F.; Schmitz, P. 1. M.; Meunier, P. I. Age-related changes in
cancellous bone structure. A two-dimensional siudy in the transiliac and iliac
crest biopsy sites. Bone Miner. 4:197 216; 1988,

Carer, D. R.; Hayes, W. . The compressive behavior of bone as a (wo-phase
porous structure. J. Bone Joinl Surg. [Am.) §9:954-962; 1977

BeHoff, R. T. Curvature and the topological properties of nlerconnected phases.
DeHolf, B. T.: Rhines, F. N., eds. Quantitative microscopy. New York: Mc-
Graw-Hill; 1968; 291-325.

DeHoff, R. T. Quantitative serial sectioning analysis; preview. J. Micrasc.
131:259-263; 1983

DeHoff, R. T.: Aigeltinger. E. H.; Craig, K. R. Experimental determination of the
topulogical properties of three-dimensional microstructures. /. Microsc.
985:60-91, 1972,

Feldkamp. L. A.; Davis, L. C. Topology and elastic properties of depleted media.
Phys. Rev. [B] 37134483453, 1088,

Feldkamp, L. A, Davis, L. C. Kress, I W, Praciical cone-beam aigorithm. S,
Qpt. Soc. Am. [4] 1:612-619; 1984

Feldkamp, L. A.; Goldstein, 8. A Parfitt, A. M.: Jesion. G.. Klecrekoper, M.
The direct examination of three-dimensional bone architecture in vitro by com
puted tomography. /. Bone Miner. Res. 4:3-11: 1980

Garrahan, N. I.: Mellish, R. W. L.; Compston, J. E. A new methad fur the two-
dimensional analysis of bone structure in human iliac crest biopsies. J. Mi-
crosc. 142:341-340; 1986,

Gaunt, W. A.; Gaunt, P. N. Three dimensional reconstruction in biglogy. Turn-
bridge Wells, England: Pitman Medical; 1978,

Giger, H. Grundgleichungen der Stereologic 1. Metrika 16:43-57. 1970

Goldstein, 5. A.; Hollisier, $. J.; Kuhn, J. L.; Kikuchi. N. The mechanical and
remodeling properties of trabecular bone. Mow. V. C.; Ratliffe, A.; Wou,
S. L. Y., eds. Hiemechanics of digrthrodial joints. Vol I1. New York:
Springer-Verlag: 1990, 61-81

Gray, 8. B. Local properties of binary images in two dimensions. /EEE Trans.
Comput [C] 20:551-561; 1971

Gundersen, H. J. G. Notes of the estimation of the numerical density of arbitrary
profiles: The edge effect. J. Microse, Y11:219- 223, 1977,

Gundersen, H. ] G.; Ebert, 1. C.; Mosekilde, 1.; Youngs, T. A, Padduck,
C.L.; Swcvens, M. L., Bovee. R. W. Unbiased essimarion of vertebral tra-
becular conrrectivite or (robecular number in calvivm-restricted ovariecto-
mized Sinclair 5-1 minipigs. Submitted.

Gundersen, H. J. Gi.: Nyengaard, J. R.: Odgaard. A. The ConnEulor, In prepara-
tion.

Gurland, §. Spatial distribution of discrete particles. DeHoff, R. T.. Rhines. F. N..
eds. Quantitative microscopy. New York: McGraw-Hill; 1968; 278-290.
Hadwiger. H. Vorlesungen iiber Inhalt, Qberfliiche und Isoperimetrie. Derlin:

Springer-Verlag; 1957; 236--240.

Hadwiger, H. Normale Korper i euklidischen Rawn und ibre topulogischen und
metrischen Eigenschaften. Marh. Zeitschr, 71:124-140; 1959.

Hurmigan, T. P.; Jasty. M .; Harris, W. H.; Mann, R. W, Two dimensional con-
nectivity measuremnent in cancellous bune. Trans. ORS 14:101; 1989,

Harrigan, T. P.; Mann, R. W. Charactetization of microsiructural anisotropy in
orthotropic materials using a second rank tensor. J. Mater. Sci. 19:761-T67,
1084,

Hodgskinson, R, Currey, J. [3. Effect of siructural variation en Young's modulus
of non-human cancellous bone. Prac. Inst. Mech. fag. |H) X:41-52; 1990,

Kleerekoper, M.; Villanueva, A. R.; Stanciu, 1.: Rao, 1. S.; Parlict, A. M. The
role of three-dimensional trabecular microstructure in the pathogencsis of ver-
tebral compression fractures. Caleif. Fisvue fnt. 37:594-597: 1985,

Koch, 1. C. The laws of bone architecture. Am. f. Anat. 21:177-2952 1917,

Kovalevsky, V. A, Finite topology as applied Ly image analysis. Comput. Vision
Graphics fmage Process. 46:141-161: 1984,

Kuhn, J. L.; Goldstein, 3. A.: Feldkamp. L. A.; Goulet, R, W . Jesion, G, Eval-

A. Odgaard and H. J. G. Gundersen: Cancellous bone connectivity

ugtion ot a microcomputed tomography system to study trabecular bone strug-
e, J. Qrhop. Res. 8:833-842; 1090

Lee, C. N.; Rosenfeld, A. Computing the Euler number of a 3D image. Proceed-
ings of the First International Conference on Computer Vision. 1987, 567-571.

Lohregt, 5.; Verbeek, P. W Groen, B, C. A, Three-dimensional skeletonization:
Principle and algorithm. {EEE Trans. PAMI 2:75-77; 1980,

MacDonald. 1. F.; Kaufmann, P.; Dullien, F. A. L. Quartitative image analysis of
tinite porous media. J. Microsc, 144:277-316; 1986.

Meyer, G. H. Die Architectur der Spongiosa. Arch. Anai. Physiol. Med. Reichert
DuBois-Reymonds Arch. 34:615-618; 1867,

Mosekilde, L. Age-related changes in veriebral trabecular bone architectore—
Assessed by a new method. Bone 9:247-250; 1988,

Muosekilde, L. Consequences of the remaodelling process for vertebral trabecular
bone structure: A scanning electron microscopy study (uncoupling of unloaded
siructures). Bone Miner. 10:13-35; 1990,

Nyengaard, 1. R.: Bendtsen, T. F.; Gundersen, H. ]. G. Sterealogical estimation
of the number of capillaries, exemplified by renal glomeruli. APMIS Suppl.
4:91-99: 1988,

Nyengaard. |. R.; Marcussen, N. The number of glumerular capillanes estimated
by an unbiased and efficient stereological method. J. Micrasc.. in press.

(ndgaard, A. Topological redundancy in 2- and 3-D digital images. Submitted.

Odgaard. A.; Andersen, K.; Melsen, F. Threc-dimensional reconsiruction of en-
tire. human vertebral hodies. Tn preparation.

Qdguard, A.; Andersen, K.; Melsen, F ; Gundersen, H. }J. G. A direct method for
fast three-dimensional serial reconstruction. f. Microsc. 159:335-342; 19504,

Odguard, A.; Gundersen, H. ). . Determination of connectivity in trabecular
beme. Abstracts of the cighth international congress for sterealogy, The Tnter-
national Society for Stereology; 1991 August 25-30; University of California,
Irvine.

Oulgaard, A.; Jensen, E. B.; Gundersen, H. 1. G. Estimation of structural anisot-
ropy based on volume orientation. A new concept. J. Microsc. 157:149-162;
1990b.

Parfitt, A. M. Trabecular bonc architecture in the pathogenesis and prevention of
fraciure. Am. J. Med. 82(Suppl. 1B:68 72 1987

Parfirt. &. M.: Mathews, C. H. E.: Villancuva, &. R.: Kleerekoper. M., Frame.
B.: Rao, 3. S. Relationships between surface, volume, and thickness of iliac
trabecular bone in aging and in osteoporosis. J. Clin. frvest. T2:1396-1409:
1983,

Préteux, F., Bergot, C.; Laval-Jeantet, A, M. Automatic quantification of veriebral
cancellous bone remodeling during aging. Anar. Clin. 7:203-208; 1985,
Pugh. I W.: Radin. E_ L., Rose, R. M. Quantitative siudies of human subchon-

dral cancellous bane. J. Bone Joinr Surg. [Am.] 56:313-321; 1974,

Rice, ). C.; Cowin, 8. C.; Bowman, J. A. On the dependence of the elasticity and
strength of cancellous bone on apparent density. J. Biomech. 21:155-168:
1488,

Rosenfeld. A. Connectivity in digital pictures. J. Assoc. Compur. Mach. 171146
160; 1970).

Scott, G. J. T.. Webster. R.; Nortcliff, §. The topology of pore siructurc in crack-
ing clay soil. 1. Connectivity density and its estimation. J. Soil Sci. 39:315-
326: 1988,

Setra, J. Image analysis and mathematical morphology. London: Academic Press;
1982: 133136,

Shimizu, H.: Shinohara, N.. Yokoyama, T. Topological analysis of the three-
dimensional structure of the human renal glomerulus using a computer-aided
reconstruction system. Microvase. Res. 36:130-339; 1988,

Singh, |. The architecwre of cancellous bone. J. Anez. 127:305-31(0 1978,

Snyder, B. D Haves, W. O Multiaxial structure-property relations in trabecular
bone. Mow, V. C.; Rawcliffe, A.; Woo, §. L. Y., eds. Biomechanics of divr-
throdial jeints. Vol. [E. New York: Springer-Verlag; 1990; 31-59.

Srihari, 5. M. Representation of three-dimensicnal digital images. Comput. Sur-
veys 13399 424; 1981,

Takahashi, T. Topological analysis of the morphogenesis of liver cirrhosis. Vir-
chows Archk. [A] 377:189 201; 1978.

Whitehouse, W, J.; Dyson, E. D.; Jackson, C. K. The scanning electron micro-
scope (n studies of wrabecular bone from a human vertebral body. J. Anwr.
108:451-4946; 1471,

Wolff, J. Ueber die innere Architectur der Knochen und ihre Bedeuung fur die
Frage vom Knochenwachstum. Virchow Arch. Puth. Anat. Physiol. Klin. Med.
50:389-450; 1870,

Dute Received: August 7, 1992
Date Revised: December 4, 1992
Date Accepted: December 7, 1092



	page 1
	page 2
	page 3
	page 4
	page 5
	page 6
	page 7
	page 8
	page 9
	page 10

