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Summary

Three-dimensional (3-D) structural parameters derived
from lower-dimensional measurements using indirect mor-
phometric methods may be strongly biased if the measured
objects deviate from the assumed structure model. With the
introduction of 3-D microscopic measuring techniques it is
possible to obtain a complete depiction of complex spatial
structures. As a consequence, new 3-D methods have
recently been developed for the estimation of morphometric
parameters such as volume, surface area and connectivity
by direct processing of the 3-D images. Structure thickness
is an important morphometric parameter which is usually
defined for specific structure models only. In this paper we
propose a general thickness definition for arbitrary struc-
tures allowing us to calculate the mean structure thickness
and the thickness distribution of 3-D objects in a direct way
and independently of an assumed structure model. Addi-
tionally, an efficient implementation for the practical usage
of the method is described using distance transformation.
The new method is applied to trabecular bone structures
measured with a 3-D micro-computed tomography system.

1. Introduction

The problem addressed in this paper is the assessment of the
mean structure thickness and thickness distribution in a
direct and three-dimensional (3-D) way independently of
the structure type.

Traditionally, stereological methods are used to derive 3-
D morphometric parameters from 2-D measured sections of
a sample. Stereology deals with the estimation of geome-
trical quantities of spatial objects from lower-dimensional
probes and it has been thoroughly investigated and
constantly refined since the introduction of the science in
the 1960s (for a review of traditional stereological methods

see Weibel, 1980; for recently developed methods see
Gundersen et al., 1988a,b; Cruz-Orive & Weibel, 1990).

To assess parameters like structure thickness and
separation from measurements on 2-D sections special
equations must be derived for different kinds of structure
types. The mean structure thickness can be derived for
example from perimeter and area assessments on a two-
dimensionally measured section assuming a plate-like
structure (Whitehouse, 1974). If the structure differs from
the assumed type the calculated values will be biased to an
unknown extent.

Several new measuring techniques make it possible to
assess microstructures in a truly 3-D way nondestructively.
Examples of such techniques are confocal fluorescence
microscopy (Wijnaends van Resandt et al., 1985; Wilson,
1990), micro-computed tomography (micro-CT) (Feldkamp
et al., 1989; Rüegsegger et al., 1996) and micro-magnetic
resonance imaging (Jara et al., 1993).

Stereological equations can be ‘extended’ to three
dimensions by going back to the original definitions. In
the case of mean plate thickness, the 2-D measures
perimeter and structure area can be exchanged with 3-D
surface area and structure volume leading to a different but
similar equation (Weibel, 1963). The necessary structure
volume and surface area can be estimated directly from 3-D
images using newly developed techniques (Guilak, 1994).
Another stereological approach to calculate the mean
structure thickness in both two and three dimensions is
based on mean intercept length assessment (Weibel &
Knight, 1964; Gundersen et al., 1978; Cruz-Orive, 1979).
The advantage with such 3-D techniques is that no
assumptions regarding structure orientation are required
because sample planes or test lines can always be chosen
uniformly orientated in the 3-D image. Structure thickness
will, however, still be calculated indirectly assuming a
specific structure type.

The purpose of this paper is to present a new method for
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the direct estimation of structure thickness without a
model-assumption. This is especially important for the
analysis of objects with an a priori unknown or varying
structure type. A recent example illustrating the need for a
model-independent thickness estimator is the study of
changes in the structure of trabecular bone undergoing
remodelling (Kinney et al., 1995). The authors found that it
was pointless to compare an indirectly derived mean
trabecular thickness of the initial measurements with that
of the subsequent measurements because bone remodelling
changed the type of the structure too radically, from a plate-
like to a rod-like structure.

The method described in this work estimates a volume-
based local thickness by fitting maximal spheres to every
point in the structure. From these local thicknesses a
volume-weighted mean thickness and the thickness dis-
tribution are calculated. A similar method for 2-D sections
was developed for the calculation of the mean trabecular
plate thickness (Garrahan et al., 1987). With this method,
local apparent widths are calculated by fitting circles to the
sectioned structure. The mean plate thickness is then
calculated indirectly from the apparent width using
stereological considerations.

The thickness definition presented differs from the
conventional surface-based ones, in which a local thickness
is defined for every point on the surface as the orthogonal
distance to the opposite surface. The reason for introducing
a volume-based local thickness is that a surface-based
definition tends to overestimate thickness when arbitrary
and nonideal structures are being analysed. An analogous
situation has arisen in the quantification of anisotropy;
Odgaard et al. (1990) found that a volume-based estimator
of anisotropy corresponds better with perceived orientation
than does a surface-based one.

First the thickness definition used is explained, and the
general theory for the calculation of the mean value and
distribution is given, followed by practical modifications for
the discrete implementation (Section 2). In Section 3 the
new method is applied to trabecular bone which was
measured with a 3-D micro-CT system.

2. Definitions and methods

2.1. Local and mean thickness

From a general thickness definition we expect that primitive
geometrical objects like plates, cylinders or balls are
adequately described, i.e. for a plate with thickness d, a
cylinder and a ball with diameter d, the thickness according
to the definition should be d. For an arbitrary structure the
thickness should correspond well with the intuitive
conception of thickness as the dimension through an
object, as opposed to length or width. Another requirement
is a well-defined weighting of the mean value, allowing

unique mean values for objects with varying structure
thickness or objects with a compound structure type. To
achieve this we propose a new definition of local
structure thickness. Let 
 � R3 be the set of all points of
the spatial structure under study and p 2 
 an arbitrary
point in this structure. As the local thickness �� p� we
define the diameter of the largest sphere which contains the
point � p� and which is completely inside the structure
(Fig. 1):

��p� � 2 � max�frjp 2 sph�x; r� � 
; x 2 
g� �1�

where sph(x,r) is the set of points inside a sphere with centre
x and radius r. In the case of an ideal cylinder with infinite
length, for example, all points in the structure will have the
same local thickness value corresponding to the diameter of
the cylinder.

Since the local thickness is defined for all points of the 3-D
structure we will refer to it here as a volume-based local
thickness.

As the mean thickness of the structure we define the
arithmetic mean value of the local thicknesses taken over all
points in the structure:

�� �

1
Vol�
�

� � �



��x�d 3x; Vol�
� �
� � �




d 3x: �2�

The maximal local thickness is equivalent to the diameter of

Fig. 1. Local thickness �� p� of a structure 
 determined by fitting
maximal spheres to the structure.
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the largest sphere that completely fits inside the structure

�max � max�f��p�jp 2 
g�: �3�

The proposed thickness definition for a structure can also
be applied to the structure background or the nonstructure
parts of the region examined. The thickness of the
background can be interpreted as the width of cavities in
the structure or as the distance between structures. It can
thus be used to estimate parameters like the mean diameter
of channels going through a structure or the mean diameter
of spherical voids in a structure. Another possible usage is
the assessment of plate or membrane separation.

2.2. Thickness distribution

The mean thickness calculation in (2) corresponds to a
volume-weighted thickness distribution. Let the point X be a
random variable with realizations in 
, uniformly distrib-
uted and T = �(X) the local thickness at this point. Then the
derived random variable T has the following probability
distribution function:

F��� �
Vol�


�
�

Vol�
�
; 


�
� fx 2 
j��x� � �g: �4�

The mean thickness in (2) can also be calculated
indirectly from the distribution (4), giving the same value.
Using the thickness distribution, higher moments of T can
be calculated. The kth central moment of T may be written
as

	k � E��T ÿ ���
k
� �

�
�max

0
�� ÿ ���

kdF���: �5�

Of special interest is the thickness variation, which can be
quantified by the standard deviation calculated as the
square root of the second central moment (

p

(	2)).
Skewness and kurtosis of the distribution are further
measures that can be derived from higher moments (3rd
and 4th). The central moment values can be used for a
better separation or classification of different structure types

when no significant differences can be found in the mean
values.

2.3. Interpretation and discussion

It is evident that the proposed mean thickness definition
gives the desired values for the above-mentioned standard
geometrical objects (plate, cylinder, ball). To understand the
character of the mean value in a more general case, the
interpretation and the validity of the mean thickness of
some simplified nonideal objects are discussed.

An important property of a thickness estimator is its
behaviour when objects of different sizes intersect. This can
be examined by considering two balls of different diameters
d1 < d2 (Fig. 2a). The local thickness of the joint structure is
equal to d2 in the region of the larger ball. In the remaining
region corresponding to the protruding part of the smaller
ball, the local thickness continuously changes from d1 to d2

in a transition zone. The transition zone completely fills out
the protruding part of the smaller ball if less than half of its
surface is visible (Fig. 2b). The interpretation of the mean
thickness of joint structures is somewhat more complicated:
if a large ball is hit by several smaller balls (Fig. 3b) then the
mean thickness of the joint structure can be smaller than
the diameter of the large ball. This may contradict the
intuitive expectation. For an interpretation of this case, the
situation before intersection is considered (Fig. 3a): the
weighted mean thickness of the unconnected structure is
smaller than that of the intersected structure. The more the
small balls intersect with the larger one, the closer the mean
value will come to its diameter (Fig. 3c). Hence, the
definition sees the small balls as thinner parts of the
compound structure and weights their local thicknesses
according to their volume fraction. If, however, the smaller
balls form an additional connected layer to the larger ball,
the mean thickness can indeed be larger than d2 (Fig. 3d).

The behaviour of the mean thickness in the previous

# 1997 The Royal Microscopical Society, Journal of Microscopy, 185, 67–75

Fig. 2. Local thicknesses of two intersecting balls of different diameter d1 < d2. (a) The concatenated object has a local thickness equal to d2 in
the region corresponding to the larger ball (dark shaded) in all stages of intersection, whereas the remaining region of the smaller ball has a
local thickness continuously changing from d2 to d1 in a transition zone (dashed) and constant local thickness d1 in the right most part. (b) If
the intersection goes beyond the meridian (perpendicular to the drawing) of the smaller ball, the transition zone will completely fill out the
protruding region in the smaller ball.
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example can be a problem if structures with rough surfaces
are examined. In such cases, the attempt to measure small
features at the surface will lead to an undesirable under-
estimation of the mean thickness. In many situations,
however, there is a priori knowledge regarding the biological
range of the examined structure’s dimensions and it is
possible to define a minimal structure thickness Tmin which
is yet larger than the extent of the surface roughness. A
corrected mean thickness can then be calculated using the
probability distribution function (4):

�� �

1
1 ÿ F�Tmin�

�
�max

Tmin

� d F���: �6�

It is worth noting that the part of the structure taken into
consideration in (6) composes the smoothed structure
actually being described by the corrected mean value. An
equivalent technique (Stenberg, 1980) was in fact used to
smooth 3-D surfaces defined by 2-D grey-value images by
fitting spheres with a fixed diameter (equivalent to Tmin) to
the corresponding structure of the surface.

In the practical use of morphometric methods edge effects
are to be considered. Edge effects arise at the boundaries of
regions being analysed, where the structure is cut. This
leads to a distorted, finite structure with ‘unnatural’ sharp
edges, which will bias the morphometric parameters derived
from the structure. For example, a finite cylinder will,
according to the thickness definition, be treated as a
cylinder with rounded edges and with additional caps at

each end, containing the sharp edges (Fig. 4). In all points of
the rounded cylinder the local thickness is equal to the
diameter of the cylinder. In the caps the local thickness will
gradually decrease to zero at the corners of the sharp edges.
As a consequence, the mean thickness is slightly smaller
than the diameter of the cylinder. This effect can only partly
be rectified with the corrected mean value in (6) by
disregarding the unlikely small local thicknesses close to
the edges. A more reliable correction of edge effects can be
achieved by reducing the region of interest in (2) and (4)
subsequent to the local thickness determination by moving
all boundaries inwards by a distance equal to a predefined
maximal possible thickness Tmax of the structure being
analysed. The boundary-influenced local thicknesses will
not therefore be considered in the calculation of the mean
value and the distribution. Again, a priori knowledge is
required to define a tissue-dependent constant. In contrast
to a minimal thickness, a reasonable value for Tmax can be
selected quite easily, by deriving the parameter �max from a
representative set of structure samples. This technique is
similar to the one used by the estimation of numerical
density (Gundersen, 1977), in which ‘unbiased test frames’
are used to suppress edge effects.

The proposed definition of the local thickness differs from
the one used for plates or barriers, in which the local
thickness is defined for all points on the structure surface as
the shortest distance to the opposite surface (Cruz-Orive,
1979; Weibel, 1980). For objects with a joint surface

Fig. 3. (a) The mean thickness of a structure consisting of one large ball and several smaller ones is the volume-weighted mean of the dia-
meters. (b) If the small balls intersect with the larger one, the mean thickness for the compound structure increases owing to the reduced
volume weight of the small balls. (c) The more the small balls intersect with the large one, the more the mean thickness approaches the
diameter of the large ball. (d) The mean thickness exceeds the diameter of the large ball only if the intersecting small balls form an additional
connected layer. The dashed line indicates the new maximal sphere which fits the structure in such a situation.

Fig. 4. Mean thickness of a finite cylinder: if the edges are perfectly rounded (shaded) the mean thickness is equal to the diameter of the
cylinder. An abruptly cut cylinder will be treated as a cylinder with rounded edges and with an additional cap containing the ‘thinner’
sharp edge. As a consequence the mean thickness would be smaller than the diameter of the cylinder.
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(cylinders or spheres) the orthogonal distance from the
surface to the opposite surface is used because there is no
clearly defined shortest distance. For some ideal geometrical
structures (the three previously mentioned primitive geo-
metrical objects included) the surface-based thickness is
equal to the proposed volume-based thickness. For an
arbitrary structure, however, the orthogonal distance from
a point on the surface need not necessarily correspond with
the intuitive thickness associated with the point. The
example in Fig. 5 shows the difference between the new
volume-based thickness definition and the surface-based
definition in such a situation. By the calculation of
membrane thickness using orthogonal intercepts (Jensen
et al., 1979) the local thickness for a point of the surface is
defined as the minimal orthogonal distance from the
opposite surface back to the point. Here the opposite surface
(secondary surface) is assumed disjoint from the surface of
the point (primary surface). The object in Fig. 5 is thus not
considered as a valid structure by this definition.

The volume-weighted mean thickness implies a mean
value calculated with less weight given to thinner parts of a
structure. This seems reasonable because the thinner parts
describe a smaller portion of the region examined. In special
cases, however, a different weighting of the mean value is
preferable. A surface-based local thickness implies a surface-
weighted mean thickness. This will give barriers of different
width and with equal surface area the same influence on
the mean thickness, since the surface area is independent of
the barrier thickness. When barriers are evaluated with
respect to passive transport through the structure material,
a harmonic mean thickness is used as a parameter to
quantify the permeability of the structure (Weibel, 1980).

The harmonic mean thickness is defined as the reciprocal
mean of the surfaced-based local thicknesses. To calculate
surface-weighted and harmonic mean thickness with the
proposed method, it would be possible to extend the volume-
based local thickness definition to be valid also on the
surface of the structure. To do this a smooth surface must be
guaranteed owing to the surface roughness dependency of
the local thickness discussed above. Such restrictions are
also required in the prevalent surface-based methods: in
Cruz-Orive (1979) a sheet structure is considered as the
portion of space comprised between two smooth, quasipar-
allel faces. In Jensen et al. (1979) a membrane model with
uniformly curved surfaces was assumed. A more general
smoothness assumption is used by Sandau (1993), in which
the thickness of ‘flat bodies’ is estimated from measurements
on vertical sections. Flat bodies were mathematically
described by a stationary weighted surface process in which
a joint distribution of spatial direction and thickness exist.

2.4. Discrete implementation

The thickness definition described assumes a continuously
represented structure. Since this is not achievable with a
conventional 3-D measuring system, it is important to be
able to use the method on discretized images. Typically, a
segmented image is described by binary cubic voxels
indicating structure or background. The voxel volume is
thus used as a geometrical approximation of the true 3-D
structure. It must therefore be ensured that the resolution of
the measuring system is sufficient for the structure being
examined. The sharp edges of the cubic voxels give the
structure a rough surface which implies the use of Eq. (6)
for the calculation of mean thickness. A minimal value for
the constant Tmin should thereby be larger than the
dimension of a voxel.

For the practical implementation the compact formula-
tion of the local thickness in (1) may be subdivided into
more manageable expressions. This can be achieved by
expressing (1) in terms of the structure distance map (see
Danielsson, 1980; Serra, 1988). The distance map (Dmap) is
calculated by the distance transformation, assigning to
every point in the structure the Euclidean distance from
that point to the nearest background point; this is
equivalent to the radius of the largest sphere centred at
the point and still completely inside the structure. The
distance transformation is defined as

Dmap�q� � max�fr > 0jsph�q; r� � 
g�; q 2 
: �7�

The local thickness can now be rewritten using the distance
map

��p� � 2 � max
q2X�p�

�Dmap�q�� �8�

where the set X( p) represents the centre points of all spheres
with a radius equal to their corresponding distance value
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Fig. 5. Difference between the proposed volume-based and a sur-
face-based local thickness. Let @
 � R3 be the set of all points on
the surface of the structure and q 2 @
 an arbitrary point on the
surface. The surfaced-based local thickness �

@

�q� is the orthogo-

nal distance to the opposite surface. The volume-based local thick-
ness at this point but just inside the structure ( p 2 
) is shown
with its appertaining sphere. (A 2-D section of the structure is
shown for clarity.)
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and including the point p:

X�p� � fx 2 
jp 2 sph�x;Dmap�x��g: �9�

The calculation of the local thickness is thereby split into
two steps. The first step is the calculation of the distance map,
which can be carried out efficiently on discrete data because
the fitting of spheres in (7) in one point is independent of the
neighbour points and therefore suitable for parallel proces-
sing. With a 3-D extension of iterative methods for 2-D data
(Yamada, 1984), the distance transformation can also be
calculated in an acceptable time on sequential computers
(Borgefors, 1984; Saito & Toriwaki, 1994).

The implementation of the second step would lead to
massive computational overhead if carried out directly
according to (8) owing to the sphere inclusion tests in (9).
By defining the distance ridge as the set of the centre points
of all nonredundant spheres,


R � fp 2 
jsph�p;Dmap�p�� 6� sph�x;Dmap�x��; p 6� x; x 2 
g

�10�

it is only necessary to check for the corresponding spheres
in these points by redefining the set (9) used in (8) by

~X�p� � fx 2 
Rjp 2 sph�x;Dmap�x��g: �11�

The necessary additional calculation of the distance ridge
can therefore be done efficiently on discrete data by making

the inclusion test in (10) locally for the neighbour voxels
only. Such a technique does not necessarily exclude all
redundant points, but the preservation of the nonredundant
points is always ensured. The distance ridge corresponds to
the medial axis of a structure (see Goldak et al., 1991), but it
does not represent a topological skeleton when derived from
a voxel image. This is, however, insignificant for the method
described here because the distance ridge is not used for
connectivity measures.

The accuracy of the method when applied to discrete data
depends on the resolution of the image acquisition system
used. The local thickness will have a stochastic error
corresponding to the dimension of one voxel. In the case of
poor image quality, possible noise structures will influence
the local thickness determination and will lead to an
underestimation of the actual thickness. This problem can
be treated in the same way as the effect of rough surfaces
(see Section 2.3).

3. An example of application: trabecular bone measured
with microcomputed tomography

3.1. Trabecular bone structure

Trabecular bone is an example of a structure with varying
architecture. The actual structure depends on the type of

Fig. 6. Trabecular bone structure from the
human iliac crest. The VOI represents a
region of 4 � 4 � 4 mm3 (286 � 286 � 286
voxels) from an 8-mm cylindrical core. The
estimated mean thickness of the structure is
0.20 mm with a standard deviation of
0.11 mm.
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bone examined, the location of the sample in the bone and
also on age, sex and diseases of the donor. This makes it
unsuitable to use methods which assume a fixed structure
model to derive morphometrical parameters, when samples
with an a priori unknown architecture are examined.

3.2. The �CT measuring system

We used a newly developed high-resolution microcomputed
tomograph (�CT) to measure bone biopsies nondestructively
(Rüegsegger et al., 1996). The system is based on a compact
fan-beam-type CT scanner that can work in spiral scanning
or multislice mode. An X-ray tube with a microfocus is used
as a source, a CCD-array as a detector. Typically, bone
biopsies with a diameter of 8 mm and a length of up to
36 mm are measured. Spatial resolution is 28 �m and the
voxel size is 14 � 14 � 14 �m3. The 3-D grey-level image
thus measured can be segmented and displayed with 3-D
image processing techniques (Müller et al., 1994).

3.3. Evaluation of structure thickness

Two fresh human bone biopsies from the iliac crest and the
lumbar spine were measured with the above-described �CT
system. From each measurement a cubic volume of interest

(VOI) was selected and processed, resulting in a 3-D binary
image with 2863 voxels, corresponding to physical dimen-
sions of 4 mm � 4 mm � 4 mm. In both bone samples the
structure volume fraction is about 12%.

Three-dimensional visualizations of the two measured
samples are shown in Fig. 6 and Fig. 7. The thickness
distributions of the structures were calculated using
algorithms described in Section 2.4. The total processing
time for the analysis of one sample on a DEC 3000 M500
AXP was less than 15 min. The processing modules,
including procedures for segmentation and analysis, are
built into a software package called IPL (Image Processing
Language) which allows full automatic processing without
any operator interaction. The resulting thickness distribu-
tions of the two samples are shown in Fig. 8 (the probability
density function is used for clarity).

The derived thickness distributions correspond well with
the structure characteristics observed in the 3-D visualiza-
tions: in the case of the iliac crest sample (Fig. 6) a large
variation of structure thickness can be seen; thick plates
with a maximal thickness of 0.6 mm are interconnected by
thin rods with a diameter of about 0.1 mm. The
appertaining distribution is wide with a mean value of
0.20 mm and a standard deviation of 0.11 mm. In the
lumbar spine sample (Fig. 7) a homogenous structure with
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Fig. 7. Trabecular bone structure from the
second lumbar vertebra of the human
spine. The estimated mean thickness of
the structure is 0.11 mm with a standard
deviation of 0.03 mm.
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plates and rods with almost constant thicknesses can be
observed. The distribution in this case is a narrow peak with
a mean value of 0.11 mm and a standard deviation of
0.03 mm.

4. Conclusions

The new method for a direct thickness determination of 3-D
structures is founded on a volume-based local thickness
definition. We define local thickness at a given point in the
structure as the diameter of the largest sphere which
includes the point and which can be fitted completely inside
the structure.

Since the method is not model based, assumptions on the
structural type are no longer necessary. Thus it is possible to
assess a mean thickness of any structure and even to
quantify thickness changes in structures undergoing
architectural remodelling.

An important feature of the method described is the
assessment of the thickness distribution. The thickness
variability can be quantified using values derived from
moments of the distribution, standard deviation and
skewness.

Our method requires true 3-D images. In situations in
which a 3-D measurement is too time- or resource-
consuming for the routine application and in which an
unknown but relatively constant structure type can be
expected, it should be possible to apply the method
described to a small subset of the population examined
to calibrate parameters derived with stereological
methods from less cumbersome lower-dimensional
measurements.

The directly assessed thickness distribution in com-
bination with other 3-D morphometric techniques like
volume and surface determination (Guilak, 1994), assess-
ment of anisotropy (e.g. Harrigan & Mann, 1984) and
calculation of connectivity (Odgaard & Gundersen, 1993),
enables a detailed and versatile quantification of 3-D
structures. This information can be used for a better
prediction of the quality and functionality of 3-D
structures.
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